Abstract This paper describes a new method for forecasting far-field tsunamis by combining aspects of least squares tsunami source inversion (LSQ) with time reverse imaging (TRI). This method has the same source representation as LSQ but uses TRI to estimate initial sea surface displacement. We apply this method to the 2011 Japan tsunami, and the results show that the method produces tsunami waveforms of excellent agreement with observed waveforms at both near-and far-field stations not used in the source estimation. The spatial distribution of cumulative sea surface displacement agrees well with other models obtained in more sophisticated inversions, but resolve source kinematics are not well resolved. The method has potential for application in tsunami warning systems, as it is computationally efficient and can be used to estimate the initial source model by applying precomputed Green's functions in order to provide more accurate and realistic tsunami predictions.
Introduction
The 2011 Tohoku-oki earthquake triggered one of the world's most destructive tsunamis, in which near-field impacts included > 18, 000 fatalities and $220 billion in economic loss [National Geophysical Data Center/ World Data Service, 2015] . However, the impact of this massive tsunami was not limited to the near field. In the far field along U.S. Pacific coast, virtually every port and maritime facility along U.S. West Coast was adversely affected by surges and currents, with over $20 million in damage caused to the port at Crescent City alone [Wilson et al., 2013] . The tsunami also caused considerable far-field damage along the coast of New Zealand . Major far-field impacts have also been caused by earlier tsunami events, with the 2004 Indian Ocean tsunami resulting in 60,000 deaths at distances thousands of kilometers from the tsunami source [Inderfurth et al., 2005] .
Because of the potential for destructive far-field impacts from large tsunamis, considerable effort has been devoted to rapid, far-field tsunami forecasting. The U.S. National Oceanic and Atmospheric Administration (NOAA) has implemented a rapid tsunami forecast program called Short-term Inundation Forecast for Tsunamis [Gica et al., 2008; Percival et al., 2011] since 2008, which uses earthquake and sea level data to rapidly forecast waveforms for trans-Pacific tsunamis. NOAA has also implemented the Alaska Tsunami Forecast Model [Kowalik et al., 2005] and the real-time tsunami forecast model (RIFT) [Wang et al., 2012] . More recently, the French Polynesian tsunami warning center has developed a new tsunami forecast tool, named MERIT, for tsunami warning based on tsunami propagation numerical model [Jamelot and Reymond, 2015] . And Maeda et al. [2015] have implemented a data assimilation (DA) technique in tsunami forecasting that does not rely on earthquake source parameters. Many tsunami warning centers that provide tsunami warnings in the Indian Ocean operate similar forecasting systems [Greenslade et al., 2014] . All of these forecasting systems rely on earthquake source parameters to initialize forecasts, and some use observations of sea level data to calibrate the initial forecast.
Except for RIFT, MERIT, and DA, all current forecast systems rely on precomputed databases of tsunamis for suites of either scenario earthquakes or basis earthquakes, typically subduction megathrust earthquakes, from which an appropriate selection or combination is used to forecast the tsunami for an actual earthquake. As noted by Wang et al. [2012] , database forecast systems suffer from the fundamental limitation that they cannot accurately forecast tsunamis generated by earthquakes that are not well represented in the database, typically outer rise events or large, submarine strike-slip events such as occurred in 2012 off northwest Sumatra. The parameterization of an event database also limits the ability to forecast an actual event,
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with Greenslade et al. [2014] noting that the variation among forecasts of Indian Ocean tsunami warning systems has, on average, a standard deviation of the maximum amplitudes that is approximately 62% of its mean value.
Even a real-time forecasting system may have limited ability to accurately forecast tsunamis if it assumes the tsunami source is well represented by earthquake parameters alone. The moment tensor of an earthquake used for fault orientation and seismic moment inevitably has estimation error; scaling relationships such as Wells and Coppersmith [1994] used to set fault parameters such as length and width have considerable scatter, and large earthquakes often have heterogeneous slip patterns that will result in tsunami excitation different from that predicted by a uniform-slip model. Further approximations are involved in the elastic dislocation modeling of seafloor deformation [Cummins et al., 1998 ] and the translation of the seafloor deformation to the sea surface displacement that generates the tsunami [Saito and Furumura, 2009] . Finally, any forecast method that assumes exclusively earthquake excitation will not produce accurate forecasts when there is a significant nonseismic component to the source as may be the case for the 2011 Tohoku tsunami [Tappin et al., 2008] . These limitations may be less critical if the forecast is calibrated with observed sea level data, but if this includes inversion of tsunami waveforms, it typically involves subjective choices of station weights and regularization parameters that may have significant impact on the source estimate [Percival et al., 2011] .
As noted by Tang et al. [2012] , for accurate forecasting of tsunami impacts it may be desirable to avoid dependence on earthquake source parameters and instead focus on the characteristics of tsunamis themselves. We therefore seek a method based on time reverse imaging for rapid, accurate forecasting of far-field tsunamis that is, to the greatest extent possible, dependent on sea level data alone. Time reverse imaging involves numerically "retransmitting" discrete approximations of time-reversed observed waveforms starting at the point of observation, which results in refocusing at the original source. Early work by Larmat et al. [2006 Larmat et al. [ , 2008 showed that seismic waves can be successfully refocused in the earthquake source region at a global scale, providing efficient of imaging sources of seismic energy. Kawakatsu and Montagner [2008] examined the relationship between inversion and the time reversal method and applied time reversal to moment tensor estimation. More recently, Bazargani and Snieder [2013] study how time reversal can be considered an optimization problem to estimate unknown seismic sources in known acoustic and elastic media. Hossen et al. [2015a] , expanding on a concept first proposed by Korolev [2011] , developed a time reverse imaging (TRI) method to estimate tsunami source models. In addition to the assumptions of linearity and zero energy loss, which are approximately satisfied only for deep ocean tsunami propagation, a limitation of the method proposed in Hossen et al. [2015a] is that amplitude estimation requires a scaling factor which does not take into account effects such as variable bathymetry.
In this paper, we extend the TRI technique by using Green's functions (GFs) which we henceforth refer to as "Green's function-based time reverse imaging" (GFTRI), to achieve more rigorous scaling of the refocused image that takes into account variable bathymetry in the source region. Importantly, since the sea surface displacement is directly inferred, no assumptions about earthquake parameters are made. Further, since no regularization is required, the difficulty of selecting regularization/smoothing parameters is completely avoided. These advantages result in practical simplicity, computational efficiency, and applicability even for complex events that may include contributions from various source components (e.g., seafloor deformation and submarine mass failures). We apply this new approach to the 2011 Tohoku tsunami to estimate the initial sea surface displacement. This approach is computationally efficient and has potential for use in real-time, far-field tsunami warning. We demonstrate its ability to accurately forecast far-field tsunamis by refocusing near-field recordings of the 2011 Tohoku tsunami and using the estimated source to predict the far-field waveforms for this event.
Theory
We extend the work of Hossen et al. [2015a] on TRI of the tsunami source, by taking into account the effect of varying bathymetry in the source region on the refocused tsunami to substantially improve the source estimate. Let a i (t) be the amplitude of an incremental variation in sea level having a delta-function-like spatial distribution centered at one of a discrete set of locations s i , i = 0, 1, … , n and defined over t ∈ (0, T).
is the computed GF describing sea level variation at the observation point x j due to a point source at s i , having time dependence (t), where j = 0, 1, 2, … , p is an index over multiple observation points. Following Kawakatsu and Montagner [2008] , we denote the time-reversed wavefield at s i obtained from a recorded sea level observation d j (t) at position x j as
where * denotes convolution and we have used the spatial reciprocity established by Hossen et al. [2015a] (see also Figure S1 in the supporting information for the case that includes dispersive effects):
. That is to say, TR j (s i , t) is the sea level variation at s i that would occur due to a point source at x j having time dependence d j (T − t). In the frequency domain this becomes
where superscript * denotes the complex conjugate. In Hossen et al. [2015a] , a TRI reconstruction of the tsunami source for the 2011 Tohoku-oki earthquake was obtained as a linear combination of time-reversed wavefields
(a TR i (t) is the TRI estimate for the true sea surface displacement a i (t).) Hossen et al. [2015a] investigated two choices for the scaling factor ij . For the first choice, the scaling was a constant independent of source position s i and observation point x j . The value for this scaling was chosen to match the extremal values in the observed tsunami waveforms. For the second choice, the scaling depended only on observation point x j , whose value was chosen so that a tsunami generated by a point source at the earthquake epicenter would preserve its height when reverse-time propagated from x j . In both cases, the TRI results captured some main features of the tsunami source (peak amplitude and location of peak) but lacked the detailed resolution provided by inversion. In addition, the gross characteristics (e.g., arrival time and amplitude) of the tsunami waveforms predicted by the TRI source models matched those of the observed waveforms reasonably well but did not match detailed features and showed some mismatched amplitudes [see Hossen et al., 2015a] .
More rigorously, the scaling parameter ij can be motivated by the analogy between source imaging and inversion discussed by Kawakatsu and Montagner [2008] . The predicted waveforms (x j , t) at x j due to initial source a i (t) are given by
Let the frequency domain misfit function, defined to minimize the difference between predicted and observed waveforms at position x j , be
where d j ( ) is the Fourier transform of the waveform recorded at x j . To minimize J( ), for any frequency , we set Ĵ a i = 0, which gives (see the derivation in the supporting information)
where i ′ and i are indices for source location andâ ij ( ) denotes the estimate of a i ( ) that minimizes the misfit with respect to observation d j ( ). The term G * i ′ (x j , )G i (x j , ) can be recognized as the Fourier transform of the cross correlation between the Green's functions for waveforms recorded at x j due to point sources at s i ′ and s i . If the s i ′ and s i are sufficiently separated in space such that tsunami arrivals at x j are separated in time, then we can approximate this cross correlation as
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where i ′ i is the Kronecker delta (one when i = i ′ and zero otherwise), and |G ij | 2 is the autocorrelation of
Due to the presence of i ′ i , the sum in equation (6) vanishes, which givesâ
Finally, by averaging the time-reversed wavefields from the p observation points and transforming to the time domain, we can write the GFTRI estimate for the tsunami source as
This is equivalent to replacing ij with 1∕|G ij | 2 in equation (3), and we expect 1∕|G ij | 2 to be a better choice of scaling factor than those considered in Hossen et al. [2015a] because it considers the effect of varying bathymetry within the source region on the source estimate. t i is a time adjustment that depends on the position and shape of the basis function used in the GF calculation and will be discussed in the next section. Note that time dependence of the source, for times t > 0 is recovered simply by reducing the duration of the time-reversed wavefield. Therefore, accounting for kinematic source effects is in principle straightforward. In this new approach, we first select the source area, divide it into a number of source grid points, compute GFs from each grid point with an initial unit amplitude source, reverse the observed waveforms, and convolve them with computed GFs to estimate the amplitude of each initial source. Since the observation points and any tsunami source area of concern are typically known in advance, the Green's functions can be precomputed. In that case, equation (9) does not required any numerical simulation to be performed in real time, nor does it involve matrix inversion or determination of regularization parameters. In this sense it is simpler and more computationally efficient than source inversion and/or real time simulation.
Methodology
We compute approximations to the point source GFs, G i (x j , t), described above by solving the linear shallow water wave equations using an initial sea surface height localized near each source grid point s i . The total number of source grid points is 144, obtained by subdividing the source area (240×540 km) at 30 km intervals. The initial sea surface displacement centered on the source grid point s i is given by
where x i , y i measure distance along the Earth's surface in the directions parallel and perpendicular to the trench axis, respectively, the point x i = 0, y i = 0 corresponds to s i , and we have chosen L = 30 km. Note that this basis function has much more compact (and finite) support than the Gaussian basis functions that are typically used in inversions of tsunami waveform data for initial sea surface displacement [e.g., Hossen et al., 2015b; Saito et al., 2011] .
The fact that the basis function in equation (10) has finite support means that the sea surface disturbance, instead of starting at s i as we have previously assumed, is actually already advanced by a distance L∕2 when the calculation starts, and this shift needs to be factored in twice to account for the time-reversed propagation. For this reason, as indicated in equation (9), we shift the time-reversed waveform by the factor t i = L∕ √ gD(s i ) where D(s i ) is the water depth at source grid point i. We found that this correction significantly improves refocused images.
In order to calculate the G i (x j , t), we use the sea surface displacement given by equation (10) as initial condition for the linear shallow water wave equation solver implemented by the program JAGURS [Baba et al., 2014] . JAGURS solves the shallow water equations in spherical coordinates with a linear dispersion term, by implementing a staggered, leapfrog finite difference scheme. In order to cover the stations used in source refocusing (Figure 1 ), we consider a computational domain extending from 140.0 ∘ E-158.0 ∘ E and 27.0 ∘ N-46.0 ∘ N. For this computational domain, bathymetry data are given by combining the GEBCO_08 30 ′′ grid data over the whole domain with the more accurate M7000 map series provided by Marine Information Research Center, Japan Hydrographic Association near Japan. Total simulation time is 9000 s with a time step of Δt = 1 s so that the stability condition Δt < Δx∕ √ 2gh max is satisfied [Baba et al., 2014] , where Δx = 900 m and h max is the maximum still water depth in the computational domain. We use a single grid-i.e., no nesting. (10)) used for GF computation over a 30 × 30 km region surrounding each source grid point is given in the inset. The northeast Japan subduction zone trench axis is indicated by the red "sawtooth" curve.
Observations
The observed tsunami waveforms generated by the 2011 Tohoku earthquake used in this study were recorded by observation systems operated by several different agencies [e.g., Tang et al., 2012; Tsushima et al., 2009; Wei et al., 2013] . The Deep-ocean Assessment and Reporting of Tsunamis (DART) buoy system is operated by the National Oceanic and Atmospheric Administration (NOAA) [Titov et al., 2005] , real-time kinematic Global Positioning System (GPS) buoys by the Nationwide Ocean Wave Information Network for Ports and Harbours, KPG1 and KPG2 by the Japan Agency for Marine-Earth Science and Technology (JAMSTEC) [Hirata et al., 2002] , and BOSO2 and BOSO3 by the Japan Meteorological Agency (JMA). The recordings are the most extensive and high quality ever recorded for a megathrust earthquake like the Tohoku-oki event. The locations of observations are given in Figure 1 .
Results
We apply the new GFTRI approach to estimate a source model for the 2011 Japan tsunami using observed waveforms. In order to image detailed sea surface displacement, we computed Green's functions using the basis functions described in equation (10) as initial condition for sea surface displacement. We use 14 observations (3 DART buoys, 2 OBPGs, 6 GPS buoys, and 3 tide gauges) located around the source region, as indicated in Figure 1 . To ensure that the reciprocity principle applies, we choose a minimum distance between the source grid and observation points that is longer than one wavelength. Hence, we consider observations which are located a minimum distance of 90 km from the nearest source grid point.
Images of the refocused source a TR i (t) (equation (9)) are displayed in Figure S2 for t = −240, −120, −60, 0, 60, and 240 s. Ideally, a TR i (t) would be zero for t < 0, which corresponds to times prior to the earthquake. At the earthquake origin time t = 0, a TR i (t) would be nonzero only near the epicenter, and for subsequent times, this disturbance would grow and spread outward over the source area. This would reflect the source kinematics in which fault rupture spreads from the hypocenter over the fault at a rupture velocity of ∼ 1-2 km/s [Satake et al., 2013] . Clearly, the temporal resolution of the GFTRI method is insufficient to image the time evolution of Figure 2 . Tsunami source model derived by (top) using Green's function-based time reverse imaging and inferred by (bottom) using conventional source inversion method with source kinematics and dispersion [Hossen et al., 2015b] . the tsunami source, so instead, we see a low-amplitude sea surface displacement that is already spread over the source area at time t = −240 s (before the earthquake) and that grows until it reaches a maximum around t = 0 to 60 s and begins to diminish thereafter. However, the overall pattern of sea surface displacement is very similar to the cumulative source model (Figure 2b ) obtained by Hossen et al. [2015b] through an inversion that accounted for source kinematics and dispersive tsunami propagation. It is noteworthy that the t = 0 model includes a narrow zone of 1-2 m slip near the subduction zone trench axis between 39 and 40 ∘ N, which appears in tsunami-derived source models such as that of Satake et al. [2013] , but not in models derived from seismic data such as Yue and Lay [2011] and Ammon et al. [2011] . Tappin et al. [2014] suggest that a submarine mass failure occurred at this location, which could result in nonseismic tsunami excitation. Figure 3 displays the 14 near-field tsunami waveforms that were used to obtain the source estimate in Figure 2a . The observed waveforms are compared to predictions computed using the GFTRI source (Figure 2a ) as well as those calculated from the inversion result of Hossen et al. [2015b] (Figure 2b ). As might be expected, the waveforms calculated using the inversion result of Hossen et al. [2015b] provide a better fit to the data, since those were calculated using a source model derived by optimizing the fit to the waveforms. The waveforms calculated from the GFTRI source result, while providing a poorer agreement with the data than those calculated from the inversion result, nevertheless match the amplitudes and dominant periods of the observed waveforms well. We believe that the agreement of waveforms predicted using the GFTRI result with the observed waveforms in Figure 3 is an impressive result, given that the GFTRI model was not obtained by optimizing the fit to the waveforms. Figure 4 shows a similar comparison of tsunami waveforms, but for observed waveforms that were not used in the refocusing of the GFTRI source. Some of the waveform details, such as the maximum amplitude in the observed waveforms at BOSO2 and BOSO3, are not reproduced well. However, many important features, such as the dominant periods and phases are matched very well at most stations. The result also shows how well the GFTRI source based on near-field data is able to predict far-field tsunami waveforms. Observed waveforms for the 2011 Japan tsunami recorded at DART buoys 46402 and 46408 in the Aleutians and buoys 51047 and 52425 near Hawaii and Samoa, respectively, are compared with waveforms predicted using the GFTRI source and the inversion result of Hossen et al. [2015b] . The predicted waveforms are computed using the method of Allgeyer and Cummins [2014] to account for elastic loading of the seafloor and seawater density stratification as the combination of these effects is important for modeling far-field waveforms [Watada, 2013; Watada et al., 2014; Tsai et al., 2013] . The agreement between the computed waveforms and the observed data is very close, suggesting that the limited ability of the GFTRI source to resolve source kinematics makes little difference to its ability to predict far-field tsunami waveforms. We have also found excellent agreement between simulated with observed waveforms at additional DART buoys in the East, North, and Central Pacific ( Figure S5 ). 
Discussion and Conclusion
We have developed a new approach to directly estimate the sea surface displacement that acts as a tsunami source by Green's function-based time reverse imaging of tsunami waveforms. This method estimates the tsunami source without prior assumptions regarding the excitation mechanism (i.e., it does not assume fault orientation, geometry, or slip), and without subjective weights and regularization choices that are necessary for conventional source inversion methods. The method only involves convolution of a set of Green's functions with time-reversed observed waveforms and is therefore highly computationally efficient which makes it viable for tsunami forecasting in near real time.
To demonstrate the potential of the GFTRI method for use in tsunami forecasting, we applied the source model inferred using our new method with near-field data to compute tsunami waveforms and compare them with both near-field and far-field observations that were not used in the source estimation. The near-field waveforms are recorded within 2 h of the earthquake origin time, and the source imagining produced from them is able to predict waveforms arriving at 4 h or later. The computed waveforms produce most of the first-order features of near-field waveforms such as amplitude extrema and dominant period, while the computed far-field waveforms are in excellent agreement with observed data (Figure 4 ). Since in an actual forecasting scenario the extent of the source area may be poorly known, in Figure S3 we have considered the effect of extending the source grid an extra 100 km to the north and south of that considered in Figure 2 . Although artifacts appear in the sea surface displacement to the north and south of the actual source area, they form in shallow water depth where the apparent tsunami generation is much weaker. Furthermore, we can expect that the method requires a good azimuthal spread of observations; we have found that similar results for the 2011 Tohoku event can be obtained even if we reduce the number of waveforms used from 14 to 8 (see Figures S8  and S9 ). But whether the method can be used in regions like the Chilean or Tonga-Kermadec subduction zones, where far fewer observations are available, is an important question that requires further study.
There are some limitations of the proposed method. For example, the method requires good azimuthal coverage of observations to obtain high-quality parameter estimates of the source. Second, those observations located over or near to the source grid may violate the reciprocity principle. Therefore, we only consider observations at distances greater than the tsunami wavelength from the source region. The method also uses precomputed Green's functions, which are required to be computed for the source region of interest and the particular stations and gauges to be used for the source estimation. However, it seems likely that these computations can be undertaken in real time if necessary [see, e.g., Oishi et al., 2015] , particularly since the computations are linear.
